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Abstract. Due to ample applications from medical services to indus-
trial activities, the study of flow and heat transfer through a curved duct
has attracted considerable attention to the researchers. In this paper, a
comprehensive numerical study is presented for the fully developed two-
dimensional flow of viscous incompressible fluid through a curved square
duct for various curvatures. The spectral method is used as a basic tool
to solve the system of nonlinear partial differential equations. Numeri-
cal calculations are carried out over a wide range of the Dean number,
0 < Dn ≤ 5000, for curvature ratio δ = 0.001, 0.1, and 0.5. A tem-
perature difference is applied across the horizontal walls for the Grashof
number Gr = 1000, where the bottom wall is heated while cooling from
the ceiling, the outer and inner walls being thermally insulated. First,
the bifurcation structure of steady solutions is investigated. As a result,
two branches of steady solutions consisting of two- to eight-vortex solu-
tions are obtained for δ = 0.001 and 0.1 while three branches for δ = 0.5.
Then we performed time evolution calculation to investigate unsteady
flow characteristics, and it is found that the unsteady flow undergoes
through various flow instabilities, if Dn is increased. Flow transitions are
well determined by obtaining phase space of the time evolution results.
Typical contours of streamlines and isotherms are obtained at several
values of Dn and it is found that the unsteady flow consists of two-
to-eight-vortex solutions. The present study demonstrates the role of
secondary vortices on convective heat transfer and it is found that con-
vective heat transfer is significantly enhanced by the secondary flow and
as the number of secondary vortices increases, that occurs for the chaotic
solution, heat transfer is boosted substantially.
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1 Introduction
Flow and heat transfer through curved ducts and channels have attracted much
attention because of their vast applications in fluids engineering, such as in
refrigeration, air conditioning systems, heat exchangers, rocket engine, internal
combustion engines and modern gas turbines. In a curved duct, centrifugal forces
are developed in the flow due to curvature causing a counter rotating vortex
motion applied on the axial flow through the duct. This creates characteristics
spiraling fluid flow in the curved passage known as secondary flow. At a certain
critical flow condition and beyond, additional pairs of counter rotating vortices
appear on the outer concave wall of curved fluid passages which are known as
Dean Vortices, in recognition of the leader work by Dean [1]. After that, many
theoretical and experimental investigations have been performed by keeping this
flow in mind; for instance, the articles by Berger et al. [2], Nandakumar and
Masliyah [3], Ito [4] are referenced.
The fluid flowing in a stationary curved duct is subjected to two forces: the
body force and the centrifugal force which is caused by the curvature. Bifurca-
tion analysis for different aspect ratios has been conducted by Yanase et al. [5].
They demonstrated the vortex structures of secondary flow at the critical point.
After that, Mondal et al. [6] performed bifurcation structure of steady solutions
and established a close relationship between the unsteady solutions and the bi-
furcation diagram of steady solutions. The unsteady solutions through a curved
rectangular duct of large aspect ratio for various curvatures were studied briefly
by Mondal et al. [7]. Recently, Islam et al. [8] has discussed the effect of rotation
in the unsteady flow structure through a curved rectangular duct. Mondal et al.
[9] analyzed the bifurcation study as well as the time history of unsteady solution
for strong curvature. Norouzi et al. [10] investigated inertial and creeping flow of
a second-order fluid in a curved square duct by using finite difference method.
Dean flow features in a curved square channel were conducted experimentally
with the help of data visualization method by Yamamoto et al. [11]. Fluid flow
and thermal characteristics were examined by using the helicity contours for a
range of flow rates, wall heat fluxes, and duct aspect ratios at selected duct cur-
vatures. In this paper we studied bifurcation structure and transitional behavior
of the unsteady solutions for non-isothermal flow through a curved square duct
for different curvatures.
2 Mathematical Formulations
Consider a hydro-dynamically and thermally fully developed two-dimensional
(2D) flow of viscous incompressible fluid through a curved square duct. The
coordinate system with relevant notation is shown in Fig.1. It is assumed that
the bottom wall of the duct is heated while the top wall in room temperature.
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It is also assumed that the flow is uniform in the axial direction, and that it is
driven by a constant pressure gradient along the center-line of the duct.
Figure. 1. Coordinate system of the curved square duct
Since the flow field is uniform in the z direction, the sectional stream function
ψ is introduced in the x and y directions as
u =
1
1 + δx
∂ψ
∂y
& v = − 1
1 + δx
∂ψ
∂x
. (1)
Then, the basic equations for w,ψ and T are expressed in terms of non-
dimensional variables as
(1 + δx)
∂w
∂t
= Dn + (1 + δx)∆2w − ∂(w,ψ)
∂(x, y)
− δ
2w
1 + δx
− δ
(1 + δx)
∂ψ
∂y
w + δ
∂w
∂x
,
(2)
(
∆2 − δ
1 + δx
∂
∂x
)
∂ψ
∂t
= − 1
(1 + δx)
∂(∆2ψ,ψ)
∂(x, y)
+
δ
(1 + δx)2
[
∂ψ
∂y
(2∆2ψ)− 3δ
1 + δx
∂ψ
∂x
+
∂2ψ
∂x2
∂ψ
∂x
∂2ψ
∂x∂y
]
+
δ
(1 + δx)2
×
[
3δ
∂2ψ
∂x2
− 3δ
2
1 + δx
∂ψ
∂x
]
− 2δ
1 + δx
∂
∂x
∆2ψ
+w
∂w
∂y
+∆2
2ψ −Gr(1 + δx)∂T
∂x
,
(3)
∂T
∂t
=
1
Pr
(
∆2T +
δ
1 + δx
∂T
∂x
)
− 1
(1 + δx)
∂(T, ψ)
∂(x, y)
. (4)
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The non-dimensional parameters Dn, Gr and Pr are defined as
Dn =
Gd3
µυ
√
2d
L
, Gr =
βg∆Td3
υ2
, P r =
υ
κ
. (5)
Boundary condition for w and ψ are taken as
w(±1, y) = w(x,±1) = ψ(±1, y) = ψ(x,±1) = 0,
∂ψ
∂x
(±1, y) = ∂ψ
∂y
(x,±1) = 0. (6)
Boundary condition for T is
T (1, y) = 1, T (−1, y) = −1,
T (x,±1) = x. (7)
In this study, Steady solutions are obtained by the Newton-Rapshon iteration
method. Finally, In order to calculate the unsteady solutions, the Crank-Nicolson and
Adams-Bashforth methods together with the function expansions and the collocation
methods are applied to equations (2) to (4).
3 Resistance Coefficient
The resistance coefficient λ is used as the representative quantity of the flow state.
It is also called the hydraulic resistance coefficient, and is generally used in fluids
engineering, defined as
p∗1 − p∗21
∆z∗
=
λ
d∗h
1
2
ρ 〈ω∗〉2 . (8)
Here, d∗h is the hydraulic diameter. The main axial velocity〈ω∗〉 is calculated by
〈ω∗ 〉 = v
4
√
2δd
∫ 1
−1
dx
∫ 1
−1
ω (x, y, t) dy. (9)
where λ is related to the mean non-dimensional axial velocity 〈ω〉 and defined as
λ =
4
√
2δDn
〈ω〉2 . (10)
4 Results and Discussions
The results discussed in this section are achieved by numerical computations imple-
menting the FORTRAN-10.12 and the corresponding figures are sketched by the
TECPLOT-360 on a Windows machine with @2.40 GHz CPU and 4.0 GB RAM.
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4.1 Steady solution branches
First, we investigate bifurcation structure of steady solutions by using Newton-Raphson
iteration method with path continuation technique for curvature δ = 0.001, 0.1 and
0.5.
After an extensive survey over the range of the parameters, two branches of asym-
metric steady solutions are obtained for δ = 0.001 and δ = 0.1 where three branches of
steady solutions for δ = 0.5 with the Dean number 0 < Dn ≤ 5000. The bifurcation di-
agram of steady solutions are shown in Fig.2 for δ = 0.001, 0.1 and 0.5, respectively for
0 < Dn ≤ 5000 using several values of λ, the representative quantity of the flow state.
The steady solution branches are named the first steady solution branch (1st branch),
the second steady solution branch 2nd branch), the third steady solution branch (3rd
branch), respectively.
(a) δ = 0.001 (b) δ = 0.1
(c) δ = 0.5
Figure. 2. Solution structure of steady solutions for various curvatures
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The enlargements of the structures of Fig.2 are shown in Fig.3 for all the three
curvatures.
(a) δ = 0.001 (b) δ = 0.1
(c) δ = 0.5
Figure. 3. Enlargement of steady solutions for various curvatures
Then, we obtained streamlines of secondary flow and isotherm of temperature pro-
file on various branches of steady solutions as shown in Fig.4 for various Dn and
curvatures.
4.2 Unsteady solutions
We take a curved square with bottom wall heated and cooling from the ceiling. We
obtain time-dependent solution for Dn = 100 and δ = 0.001 as shown in Fig.5a, and
it is found that the unsteady flow is a multi-periodic solution. This multi-periodic
oscillation is well justified by drawing a phase space in the λ− γ plane as shown in the
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(a) δ = 0.001 (b) δ = 0.1
(c) δ = 0.5
Figure. 4. Secondary flow pattern (top) and temperature profile (bottom) for
various Dean number at various curvatures
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Fig.5b. Fig.5b shows that the whole λ − γ plane is covered with multi-periodic orbit
which signifies that the flow is multi-periodic for Dn = 100. Here, the phase space is
calculated in the λ− γ plane and this quantity is zero at the cross section. Secondary
flow patterns and temperature profiles are also obtained as shown in Fig.5c.
(a) Time evolution (b) Phase space
(c) Secondary flow pattern (top) and temperature profile (bottom)
Figure. 5. Time-dependent solution and flow pattern for Dn = 100 and δ = 0.001
The multi-periodic oscillation coverts into steady state for increasing the Dean
number gradually which is shown in Fig.6a for Dn = 500 and this steady-state solution
is continued up to Dn = 3500. streamlines of secondary flow (left) and isotherm of
temperature profile (right) are shown in Fig.6b.
If the Dean number is increased further, the steady-state solution turns into chaotic
oscillation as shown in Fig.7a for Dn = 4000. Phase space is also shown in Fig.7b where
the oscillation completed orbit irregularly in the respective time. Various types of flow
patterns are presented in Fig.7c.
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(a) Time evolution
(b) Secondary flow pattern (left) and temperature
profile (right)
Figure. 6. Time evolution and flow pattern for Dn = 500 and δ = 0.001
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(a) Time evolution (b) Phase space
(c) Secondary flow pattern (top) and temperature profile (bottom)
Figure. 7. Time-dependent solution and flow pattern for Dn = 4000 and δ =
0.001
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We then performed nonlinear behavior of the unsteady solutions for δ = 0.1. We
obtained time evolution calculation of λ for Dn = 100 as shown in Fig.8a. This chaotic
solution is well justified by drawing the phase space of the time evolution result as
shown in Fig.8b in the λ−γ plane, where γ = ∫ ∫ ψdxdy. Typical contour of secondary
flow pattern and temperature profiles at Dn = 100 are obtained as shown in Fig.8c.
(a) Time evolution (b) Phase space
(c) Secondary flow pattern (top) and temperature profile (bottom)
Figure. 8. Time-dependent solution and flow pattern for Dn = 100 and δ = 0.1
If Dn is increased then the chaotic oscillation turns into steady-state solution as
shown in Fig.9a for Dn = 500. Contours of secondary flow pattern (left) and the
temperature profile (right) are shown in Fig.9b.
By the time evolution calculation for Dn = 4000 we find that the flow is chaotic as
shown in Fig.10a. Fig.10a creates an irregular orbit which is proved by depicting phase
space of the time change of λ as shown in Fig.10b, and it makes two- and four- vortex
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(a) Time evolution
(b) Secondary flow pattern (left) and temperature
profile (right)
Figure. 9. Time evolution and flow pattern for Dn = 500 and δ = 0.1
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solutions as presented by the streamlines of secondary flow and temperature profile in
Fig.10c.
(a) Time evolution (b) Phase space
(c) Secondary flow pattern (top) and temperature profile (bottom)
Figure. 10. Time-dependent solution and flow pattern for Dn = 4000 and δ = 0.1
Finally, we conducted unsteady solutions for curvature, δ = 0.5. Fig.11a shows
time evolution of λ for Dn = 100, and it is found that the unsteady flow at Dn = 100
is a chaotic flow, which oscillates with an irregular pattern that means the flow is
chaotic. This chaotic oscillation is well justified by drawing the phase space of the time
evolution result as shown in Fig.11b. Streamlines and isotherms for the corresponding
flow parameter are shown in Fig.11c.
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(a) Time evolution (b) Phase space
(c) Secondary flow pattern (top) and temperature profile (bottom)
Figure. 11. Time-dependent solution and flow pattern for Dn = 100 and δ = 0.5
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5 Conclusions
A spectral-based numerical study is presented for the unsteady flow characteristics
through a curved square duct of curvature ratio 0.001, 0.1 and 0.5. Numerical calcula-
tions are carried out for the Grashof number 1000 over a wide range of the Dean number
0 < Dn ≤ 5000. The bottom wall of the duct is heated while the upper wall cooled, the
inner and outer walls being thermally insulated. We obtained two branches of steady
solutions for curvature δ = 0.001 and 0.1 whereas three branches of the steady solu-
tions for curvature δ = 0.5. It is found that there is no bifurcation relationship among
the branches. Then we investigated unsteady solutions by time evolution calculations
justified by their phase spaces, and it is found that under combined action of centrifu-
gal and buoyancy forces the unsteady flow undergoes in the scenario ‘multi-periodic →
steady-state → chaotic’ for δ = 0.001and δ = 0.1, For curvature δ = 0.5, however, the
flow undergoes ‘chaotic → steady-state’, if Dn is increased. Phase spaces were found
to be very fruitful to identify flow characteristics. Typical contours of secondary flow
pattern and isotherm are also obtained at several values of Dn, and it is found that
there exist two-to-eight-vortex solutions. It is found that the temperature distribution
is consistence with the secondary vortices, and secondary flows play a significant role
in convective heat transfer from the heated wall to the fluid.
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